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ABSTRACT 
F u t u r e  a i  r c r a f t  w i  11 e v e n t u a l l y  f e a t u r e  nonax i  symmetr ic o r  r e c t a n g u l a r  
nozz l  es. Deve lop ing  a th ree -d imens iona l  code t o  s imul a t e  t h e  c h a r a c t e r i s t i c s  
of t h e  j e t  exhaust  plume, i s s u i n g  f rom nonax isymne t r i c  nozz les ,  i n  genera l ,  a t  
d i f f e r e n t  f l i g h t  c o n d i t i o n s ,  i s  v e r y  i m p o r t a n t .  I n  t h e  p resen t  i n v e s t i g a t i o n ,  
two th ree -d imens iona l  codes were deve l  oped t o  s i inul  a t e  t h e  s h o c k - c e l l  
s t r u c t u r e  o f  c i r c u l a r  nozz les .  These codes a r e  used t o  s o l v e  t h e  p a r a b o l i z e d  
and simp1 i f i e d  Nav ie r -S tokes  equa t ions  r e s p e c t i v e l y .  Both  codes a r e  based on 
a method p r e v i o u s l y  developed by Newsome e t  al.  ( l i e f .  1). These codes a r e  
f u l l y  v e c t o r i z e d  on t h e  VPS 32 a t  NASA Lang ley  Research Center .  The 
ax i symmet r i c  underexpanded superson ic  j e t  f l o w  problem, e x h a u s t i n g  i n t o  s t i l l  
a i  r ,  was used as a t e s t  case f o r  deve l  o p i n g  an e f f i c i e n t  t h ree -d imens iona l  
code which shou ld  be capab le  o f  s i m u l a t i n g  two-d imens iona l  problems and 
p r e s e r v i n g  c r o s s p l  ane symmetry o f  t h e  f l o w  downstream o f  t h e  j e t  e x i t .  
INTRODUCTION 
F u t u r e  p r o p u l s i o n  systems f o r  f i g h t e r  a i r c r a f t  must be des igned f o r  
maximum m a n e u v e r a b i l i t y  over  a wide range o f  f l i g h t  Mach numbers (Ref. 2 and 
3) .  
(Ref. 4-8). 
a x i s y m e t r i c  nozz les  ( c i r c u l a r  j e t )  and i s  s i m p l e r  t o  m o d i f y ,  f o r  example, t o  
i n c o r p o r a t e  t h r u s t  v e c t o r i  ng (Ref. 9). Devel o p i  ng an e f f i c i e n t  compu ta t i ona l  
t e c h n i q u e  i s  e s s e n t i a l  t o  f u l l y  unders tand ing  t h e  f l o w  c h a r a c t e r i s t i c s  of 
t h e s e  nozz l  es ( r e c t a n g u l  a r  nozz l  e s )  . Thi s computa t i  ona l  t e c h n i q u e  shou ld  have 
a th ree -d imens iona l  c a l c u l a t i o n  c a p a b i l i t y  and be a b l e  t o  s i m u l a t e  a w ide  
range o f  j e t  f l o w  c o n d i t i o n s .  
These f e a t u r e s  can be ach ieved w i t h  r e c t a n g u l a r  o r  n o n a x i s y m e t r i c  n o z z l e s  
Rectangul  a r  nozz l  es p r o v i d e  more r a p i d  p l  ume v e l o c i t y  decay t h a n  
One of t h e  most p o p u l a r  t echn iques  f o r  comput ing superson ic  j e t  f l o w s  
i s  a space march ing  scheme based on s o l v i n g  t h e  steady, p a r a b o l i z e d  N a v i e r -  
Stokes (PNS) equa t ions .  The p r i n c i p l e  advantage of t h e  PNS approach i s  i t s  
y r e a t e r  compu ta t i ona l  e f f i c i e n c y  compared t o  t h a t  o f  methods which s o l v e  t h e  
f u l l  unsteady Nav ie r -S tokes  equa t ions .  The e f f i c i e n c y  r e s u l t s  f rom t h e  f a c t  
t h a t  a s o l u t i o n  can be o b t a i n e d  by a s p a t i a l  march ing  approach i n  which t h e  
s o l u t i o n  i s  advanced downstream f rom some s p e c i f i e d  i n i t i a l  c o n d i t i o n .  Thus, 
f o r  s teady  superson ic  f l o w s ,  o n l y  a s i n g l e  march ing  sweep i s  needed. 
A t  t h e  p r e s e n t  t ime ,  a few such codes a r e  a v a i l a b l e  f o r  p r e d i c t i n g  
such f l o w s ,  b u t  t h e y  a r e  l i m i t e d  i n  c a l c u l a t i o n  c a p a b i l i t i e s .  Dash and 
Wolf developed a two-d imens iona l  ( S C I P V I S  (Ref. 10))  and a th ree -d imens iona l  
(SCIP3D Ref. 11)) pa rabo l  i z e d  Nav ie r -S tokes  code f o r  a n a l y z i n g  p r o p u l s i v e  
j e t  m i x i n g  problems. S C I P V I S  s o l v e s  t h e  mean f l o w  e q u a t i o n s  f o r  s teady-  
s t a t e ,  two-d imens iona l  compress ib le  f l o w s .  T h i s  code can q u a n t i t i v e l y  
p r e d i c t  many o f  t h e  d e t a i l s  o f  t h e  s h o c k - c e l l  s t r u c t u r e ,  t h e  t u r b u l e n t  
m i x i n g  w i t h  an e x t e r n a l  stream, and t h e  subsequent decay o f  t h e  s h o c k - c e l l  
s t r e n g t h  as t h e  r e s u l t  o f  s h o c k l m i x i n g - l a y e r  i n t e r a c t i o n s .  The S C I P V I S  
code can a l s o  g i v e  a c c u r a t e  p r e d i c t i o n s  f o r  underexpanded and overexpanded 
cases. SCIP3D s o l v e s  t h e  mean f l o w  e q u a t i o n s  f o r  s t e a d y - s t a t e ,  t h r e e -  
d imens iona l  compress ib le  f l ows .  Wolf e t  a l .  (Ref. 12)  have used SCIP3D 
t o  s i m u l a t e  an a x i s y m e t r i c  superson ic  j e t  problem. They found t h a t ,  SCIP3D 
code o v e r p r e d i c t e d  t h e  s h o c k - c e l l  decay and spac iny  as compared w i t h  t h e  
S C I P V I S  r e s u l t .  These compari sons i n d i c a t e  t h a t  f u r t h e r  work and modi f i  - 
c a t i o n s  i n  SCIP3D code a r e  r e q u i r e d  t o  d u p l i c a t e  S C I P V I S  r e s u l t .  They 
recommended t h e  use o f  t i m e - i t e r a t i v e  p rocedure  i n  p l a n e  t o  p lane  b a s i s  
t o  r e p l a c e  t h e i r  n o n i t e r a t i v e  methodology which i s  p roven t o  be v e r y  
complex t o  deal  w i t h .  They a l s o  suggested t h a t  t h e  gove rn ing  e q u a t i o n  
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shou ld  be fo rmu la ted  i n  genera l  i zed c o o r d i n a t e s  form, wh ich  w i  11 simp1 i f y  t h e  
s o l u t i o n  procedure  f o r  a r b i t r a r y  e x i t  shapes. 
I n  t h i s  s tudy ,  an underexpanded superson ic  j e t  w i l l  be used as a t e s t  
case f o r  deve l  o p i n g  t h e  p r e s e n t  th ree -d imens iona l  code. The s h o c k - c e l l  
s t r u c t u r e  i n  underexpanded, superson ic  j e t s  has been t h e  s u b j e c t  o f  seve ra l  
exper imen ta l  and t h e o r e t i c a l  s t u d i e s  i n  r e c e n t  years  (Ref. 13-17). An 
u n d e r s t a n d i n g  o f  t h e s e  s t r u c t u r e s  i s  e s p e c i a l l y  i m p o r t a n t  t o  t h e  f i e l d  o f  
a e r o a c o u s t i c s  where shocks c o n t r i b u t e  s i g n i f i c a n t l y  t o  j e t  n o i s e  (Ref. 13). A 
schemat ic  o f  a t y p i c a l  f l o w  f i e l d  f o r  an underexpanded, superson ic  j e t  i s  
g i v e n  i n  f i g .  1. The j e t  i s  c h a r a c t e r i z e d  by  r e p e t i t i v e  shock c e l l s  whose 
s t r e n g t h  and s i  ze a r e  modi f i e d  t h r o u g h  t u r b u l e n t  m i  x i  ng w i t h  t h e  s u r r o u n d i  ny 
medi um. 
The o b j e c t i v e  o f  t h e  p resen t  s tudy  i s  t h e  a p p l i c a t i o n  and comparisons o f  
two r e c e n t l y  deve loped codes t o  s i m u l a t e  t h e  s h o c k - c e l l  s t r u c t u r e  o f  t h e  
underexpanded superson ic  j e t  p r o b l  em. These codes were deve l  oped by modi f y i  ng 
t h e  3D code deve loped by Newsome e t  a1 . (Ref.  1). T h e i r  code was used t o  
s o l v e  t h e  t h i n  l a y e r  Nav ie r -S tokes  equa t ions  foi- a l a m i n a r ,  h y p e r s o n i c  
a f t e r b o d y  f l o w  problem. On t h e  o t h e r  hand, t h e  p resen t  codes w i l l  be used i n  
sol v i  ng  t h e  Thi n-1 a y e r  Navi e r -S tokes  (TLNS) and t h e  Parabol  i zed Navi e r -S tokes  
(PNS) e q u a t i o n s  f o r  l a m i n a r  o r  t u r b u l e n t  j e t  f l o w  problems. D i f f e r e n t  o p t i o n s  
g i n a l  code. These o p t i o n s  a r e  as f o l l o w s :  
(one symmetry; HP) o r  quarlzer ( two symmetry p lane ;  QP) o f  
ow p l a n e  can be s imu la ted .  The UP o p t i o n  can be u s e f u l  
i n  c a l  c u l  a t i  ng square o r  c i  r c u l  a r  j e t s . ,  
2. Van L e e r ' s  F l u x  Vec tor  S p l i t t i n g  method o r  Rao's F l u x  D i f f e r e n c i n g  
t e c h n i q u e  can be used t o  c a l c u l a t e  t h e  f l u x  i n  t h e  subson ic  and 
superson ic  r e g i o n s  o f  t h e  f low. 
were added t o  t h e  o r  
1. E i t h e r  h a l f  
t h e  c r o s s - f  
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3. A l i m i t e r  can be used i n  t h e  shock r e g i o n ,  t h u s  e l i m i n a t i n g  
ove rshoo ts  o r  undershoots .  
4. The s t a t e  v a r i a b l e s  a t  c e l l  i n t e r f a c e  i s  c o n s t r u c t e d  f rom e i t h e r  t h e  
p r i m a t i v e  o r  c o n s e r v a t i v e  v a r i a b l e s .  
The p resen t  codes use an imp1 i c i  t , a p p r o x i m a t e l y - f a c t o r e d  , upwind , f l  ux 
s p l i t t i n g  f i n i t e  volume a l g o r i t h m .  The f l u x - s p l i t t i n g  and upwind s p a t i a l  
d i f f e r e n c i n g  method f o r  t h e  c o n v e c t i o n  terms, used i n  t h e  p resen t  s tudy ,  has 
seve ra l  advantages over  c e n t r a l  d i f f e r e n c e  schemes. Th is  method has n a t u r a l  
numer i ca l  d i s s i p a t i o n  and b e t t e r  s t a b i l i t y  p r o p e r t y .  t loth codes a r e  t h i r d  
o r d e r  accuracy  i n  t h e  c r o s s - p l a n e  d i r e c t i o n s  and second o r d e r  i n  t h e  
streainwise d i r e c t i o n .  These codes s o l v e  t h e  e q u a t i o n s  i n  c o n s e r v a t i o n  fo rm 
f o r  a genera l  i z e d  c o o r d i n a t e  system. The paper w i l l  a l s o  d i s c u s s  some o f  t h e  
d i f f e r e n c e s  i n  compu ta t i ona l  requ i remen ts  between t h e  PNS and NS codes. 
G O V E R N I N G  EQUATIONS 
The TLNS e q u a t i o n s  can be w r i t t e n  i n  t n e  f o l l o w i n y  g e n e r a l i z e d  c o o r d i n a t e  and 
c o n s e r v a t i v e  form: 




A A A 
V F = Kx(E - Ev) t R ( F  - F v )  t R,(G, - Gv) = F .  t F i Y i  1 
(i = Tx Ei t T F .  + TzGi = Gi Y 1  
T and TZ a r e  t h e  components o f  t h e  s u r f a c e  S x ’  Sy’ S Z ’  R x ’  R y ’  R Z ’  T x ’  Y 
normals. These terms and t h e  c e l l  volume, Vol a r e  e v a l u a t e d  u s i n g  t h e  
procedures  d e s c r i b e d  by Chakravar thy  and Szema (Ref. 19). 
The i n v i s c i d  ( c o n v e c t i o n )  f l u x  v e c t o r s  of t h e  TLNS equa t ions  a r e  g i v e n  b y  
where t h e  t o t a l  energy i s  
E = -  P + 1 ( u 2  t v 2  + w2)p 
t y - 1  2 
The v i s c o u s  ( d i f f u s i o n )  f l u x  v e c t o r  a r e  o f  t h e  form 
U T  + V T  4- WT - q > o T  
xy ’ T X Z  ’ xx  XY xz  E = ( O ’ T X X ’  T V 
1- 
U T  t V T  -t WT - 4,) 
Y Z  
T 
XY,  Y Y ’  T Y Z y  X Y  YY 
F = ( 0 , ~  
V 
5 
( 3 )  
T 
T UT t V T  + WT - 4,) xz,  y z '  T Z Z '  xz Y Z  zz Gv = ( 0 , ~  
where t h e  v i scous  s t r e s s  and heat  t r a n s f e r  te rms a r e  g i ven  by  
2 aa 
aY 
-P - a v  au aw au a w  
Y Z  az ax 
(Y - 1) P r  qY - 
'I = p - t -  
2 
T YY = - p ( 2 a Y - a x -  3 -1 az 
The Parabol  i z e d  Nav ie r -S tokes  (PNS) e q u a t i o n s  a r e  o b t a i n e d  f rom t h e  TLNS 
e q u a t i o n s  when t h e  unsteady te rms a r e  omi t ted .  I f  a space-marching procedure  
i s  used t o  s o l v e  t h e s e  equa t ions ,  t h e  f o l l o w i n g  assumptions shou ld  be e n f o r c e d  
(Ref. 20):  
1. The streamwi se ve l  o c i  t y  component i s  , everywhere , g r e a t e r  t h a n  zero  
2. The p ressu re  g r a d i e n t  t e r m  i n  t h e  streamwise d i r e c t i o n  (3) i s  e i t h e r  
o m i t t e d  o r  t r e a t e d  w i t h  o t h e r  t e c h n i q u e  t o  a v o i d  a complex 
e i  genval  ue. 
a< 
I n  t h i s  s tudy ,  t h e  t e c h n i q u e  o f  Vingeron e t .  a l .  (Ref. 20) i s  adopted t o  
supress  t h e  d e p a r t u r e  s o l  u t i o n s  a s s o c i a t e d  w i t h  t h e  e l l i p t i c  behav iou r  o f  t h e  
equa t ions .  V inyeron e t  a l .  (Kef.  20) show t h a t  PNS e q u a t i o n s  i s  h y p e r b o l i c -  
p a r a b o l i c  p r o v i d e d  t h a t  
6 
where 
w =  1 M -  > 1 
6 
IY < 1 5 
u i s  a s a f e t y  f a c t o r  f o r  n o t  t a k i n g  i n t o  account  t h e  n o n l i n e a r i t y  o f  t h e  
y o v e r n i n g  equa t ions .  
COMPUTATIONAL METHOD 
I n  t h i s  s e c t i o n ,  t h e  i m p l i c i t  u p w i n d / r e l a x a t i o n  a l g o r i t h m  i s  used t o  s o l v e  t h e  
unsteady Nav ie r -S tokes  equa t ion .  The laws o f  c o n s e r v a t i o n  o f  mass, momentum, 
and energy o v e r  a volume, Vol , bounded by a s u r f a c e  S, can be expressed i n  
i n t e g r a l  fo rm as 
a i)dV t Is ( 6  n)dS = 0 at 1 Vol 
The t e n s o r  fi can be w r i t t e n  i n  terms o f  t h e  C a r t e s i a n  f l u x e s  by 
A n n A n 
A s s o c i a t i n g  t h e  s u b s c r i p t s  j , k , l  w i t h  5 ,  TI, r d i r e c t i o n s ,  a numer i ca l  
a p p r o x i m a t i o n  t o  Eq. ( 5 )  may be w r i t t e n  i n  t h e  f o l l o w i n g  fo rm:  
n n 
1 - F  1 t F  
j , k  t5, 1 j , k  -2, 1 
( 5 )  
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A A 6 
where E ,  G and F a r e  numer ica l  f l u x e s  a t  t h e  boundary s i d e s  of t h e  c e l l  
and 6 i s  t h e  c e l l - a v e r a g e  v a l u e  f o r  t h e  numer ica l  app rox ima t ion  t o  0. 
A n  n 
The f l u x  v e c t o r s  ( E ,  F and G )  a r e  s p l i t  a c c o r d i n g  t o  t h e  scheme o f  Van 
Leer (Ref. 21). These f l u x e d  a r e  s p l i t  a c c o r d i n g  t o  t h e i r  c o n t r a v a r i a n t  Mach 
number 
(M-, M and M ) ,  d e f i n e d  as 
k r l  5 
P k 
5 a ’ n  a ~a 
M = - a n d M  = -  0 M = -  
where 
0 = ( S X U  + s v + SZW)/S 
Y 
= (RxU + R v t RZw)/R 
Y 
fl = (T,u + T v + T Z w ) / T  
Y 
2 2 2 2  
X Y  
s = s  + s  + s z  
2 2 2 2  R = R + R  + R Z  
X Y  
As an example, f o r  superson ic  f l o w  i n  t h e  5 d i r e c t i o n  
( 7 )  




M 2 1  A +  E = E ,  E = 0 ,  5 
" +  
E = 0 ,  E = E ,  Mg < -1 
A - A 
and f o r  subson ic  flow -1 < ME < 1 






( U *  + v 2  + w 2 )  7 
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The f l u x  a t  (n t 1)  i s  l i n e a r i z e d  as 
Now, t h e  f l u x  d i f f e r e n c e  i s  w r i t t e n  as 
^n + 1 
1 = {i' ( Q - )  + ^E- ( Q t )  }n 
^n  + 1 
j t - , k,l 
- E  
2 , k,l j - 7  , k,l 
The conserved v a r i a b l e s  Q+,  Q' o b t a i n e d  by an upwind b i a s e d  one parameter  
f a m i l y  
where 
- - 
'EQj ,k,l - Qj + l , k , l  - 'j,k,l ' 't Qj ,k,l Qj ,k, l  - 'j - l ,k , l  
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$ = O  
$ = l  
f i r s t  o r d e r  f u l l y  upwind 
second o r d e r  f u l  l y  upwind 
$ - =  1 J t h i r d  o r d e r  b iased  upwind 
However, t o  ensure Montone i n t e r p o l a t i o n  f o r  'the t h i r d  o r d e r  i n t e r p o l a t i o n  i n  
t h e  v i c i n i t y  o f  a shock, a min mod l i m i t e r  i s  used as f o l l o w s :  
VQ = min mod (VQ,bAQ) 
AQ = min mod (AQ , bVQ) 
3 - k E  
1 - k, where b i s  a compression parameter ,  b = -- 
5 
It shou ld  be ment ioned t h a t  t h e  upwind s p l i t - f l u x  d i f f e r e n c e  procedure  
n n  
a r e  o n l y  used f o r  t h e  i n v i s c i d  c o n v e c t i o n  p a r t s  o f  t h e  f l u x  v e c t o r s  ( F  & G ) .  
A second o r d e r ,  c e n t r a l  d i f f e r e n c e  i s  used t o  represent  t h e  d i f f u s s i o n  terms 
o f  SNS and PNS equat ions .  
I n  t h e  p resen t  s tudy ,  f i r s t  o r d e r  upwind method i s  used t o  e v a l u a t e  t h e  
i m p l i c i t  ( Jacob ian  p a r t  o f  e q u a t i o n  (11)). Th is  w i l l  r e s u l t  i n  g r e a t  
r e d u c t i o n  o f  t h e  compu ta t i ona l  s teps  and w i l l  n o t  a f f e c t  t h e  s t e a d y - s t a t e  
accuracy  which i s  c o n t r o l l e d  by t h e  R.H.S. o f  t h e  equa t ion .  Equa t ion  (6 )  can 
be w r i t t e n  as 
I -Vel t B  t B  t I3 flyn 
A t  5 n  5 
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These r e l a t i o n s  a r e  e q u i v a l e n t  t o  s e t  t h e  g r a d i e n t  o f  p ,  v, w and E and t h e  
v a l u e  o f  u t o  zero a l o n g  co l i n e .  
3 )  C o n d i t i o n s  a t  rmax 
F a c t i t i o u s  g r i d  p o i n t s  a r e  l o c a t e d  a l o n g  t h e  s i d e  o f  cmax l i n e  as shown 
i n  f i g u r e  ( 3 ) .  For  t h e  q u a r t e r  p lane ( Q P )  s i m u l a t i o n ,  t h e  v a l u e s  o f  t h e  
f a c t i t i o u s  p o i n t s  a r e  
4 )  C o n d i t i o n  a t  t h e  c e n t e r l i n e  no o r  n = 0. ( x  = 0. and y = 0.) 
F a c t i t i o u s  p o i n t s  a r e  added across  t h e  no l i n e  as shown i n  f i g u r e  ( 3 ) .  
T h e i r  v a l u e s  a r e  e v a l u a t e d  as follows: 
QP s imul  a t  i on 
HP s i m u l a t i o n  
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5 )  C o n d i t i o n s  on t h e  F a r - F i e l d  Boundary 
The t r e a t m e n t  o f  t h i s  boundary i s  based on Rieman i n v a r i e n t s  f o r  a one- 
d imens iona l  f l ow .  
R i ema n n i n v a r i en t s 
A 
P = 8  t- ‘ a  
“max Y - 1 llmax 
where , 
V = r u t r v t r w  
X Y z 
t h e n ,  
l A  ij = -  ( P  i) R 2  
I n f l o w  Boundary, Tj < 0 
K 
16 
O u t f l o w  Boundary, V >, 0 
R 
T h i s  boundary i s  t r e a t e d  as t h e  same as i n  5-a where t h e  s u r f a c e  
r i s  r e p l a c e d  by  s i n  t h e  above c a l c u l a t i o n s .  These c a l c u l a t i o n s  
o n l y ,  used f o r  t h e  subson ic  p o r t i o n  o f  t h e  f l o w ,  whereas f i r s t  o r d e r  
e x t r a p o l a t i o n  was used f o r  t h e  superson ic  p a r t .  
RESULTS AND D I S C U S S I O N S  
I n  t h i s  s e c t i o n ,  t h e  p r e s e n t  th ree -d imens iona l  codes a r e  used 
t h e  s h o c k - c e l l  decay and f l o w  c h a r a c t e r i s t i c s  o f  an underexpanded 
t o  
normal 
a re ,  
p r e d i c t  
up r s o n i c  
j e t  (1. < M < 2.) i s s u e d  i n t o  s t i l l  a i r .  The th ree -d imens iona l  r e s u l t s  a re ,  
then,  compared w i t h  t h e  p r e d i c t e d  r e s u l t s  u s i n g  a two-d imens iona l  PNS code 
(SCIPVIS (Ref.  10) as w e l l  as t h e  exper imen ta l  d a t a  o f  Norum and Se ine r  (Ref. 
16) e x h a u s t i n g  i n t o  n o m i n a l l y  s t i l l  a i r .  It should be ment ioned t h a t  PNS 
techn iques  assume t h a t  t h e  v e l o c i t y  i n  t h e  streamwise d i r e c t i o n  always has a 
non -nega t i ve  va lue .  Norum and Shear in  (Ref. 22) i n v e s t i g a t e  t h e  shock 
s t r u c t u r e  and n o i s e  o f  superson ic  j e t s  i n  s i m u l a t e d  f l i g h t  t o  Mach 0.4. 
show t h a t  t h e  changes i n  shock s t r e n g t h  and an ip l i t ude  o f  broadband shock n o i s e  
i n  f l i g h t  t o  Mach 0.4 a r e  i n s i g n i f i c a n t .  There fore ,  a l l  c a l c u l a t i o n s  
p resen ted  i n  t h i s  paper a r e  f o r  an e x t e r n a l  s t ream a t  a Mach number o f  0.05. 
Comparisons a r e  p resen ted  f o r  s t a t i c  p r e s s u r e  d i s t r i b u t i o n s  measured a l o n g  t h e  
j e t  cen te r1  i ne. 
They 
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Two t e s t  cases were s e l e c t e d  f o r  comparison: 
1. Underexpanded, c o l d - a i r ,  superson ic  j e t  -M = 2.0, p/p = 1.45. 
2. Underexpanded, c o l d - a i r ,  s o n i c  j e t  - M = 1.0, p /p  = 1.62 
I n  t h e  p r e s e n t  PNS c a l  c u l  a t i o n s ,  
1. The j e t  s t a r t s  w i t h  a t o p - h a t  p r o f i l e  a t  x = 0. 
t i m e - l i k e  i t e r a t i o n  i s  a c t i v a t e d  a t  j - p l a n e  f o r  n - i t e r a t i o n  2. The l o c a l  
u n t i l  t h e  
magn i tude 
3. The s o l u t  
which, i n  
converged 
R.H.S. o f  t h e  e q u a t i o n  (15)  i s  reduced t o  f o u r - o r d e r  o f  
f rom i t s  o r i g i n a l  va lue .  
on a t  j i s  used as an i n i t i a l  c o n d i t i o n  f o r  t h e  j t 1-p 
t u r n ,  reduce t h e  number o f  i t e r a t i o n s  r e q u i r e d  t o  reach  
s o l u t i o n  a t  J t 1-plane. 
4. Step 2 and 3 a r e  repea ted  f o r  a l l  j - p l a n e s .  Bo th  t e s t  cases a r e  
converged w i t h i n  a number o f  i n t e r a t i o n s  l e s s  than  70. The PNS 
a ne 
s o l u t i o n s  a r e  used as an i n i t i a l  c o n d i t i o n  f o r  t h e  TLNS s o l u t i o n  as 
suggested by Wa l te r  e t  a1 . T h i s  approach w i l l  reduce t h e  number o f  
g lobe1 i t e r a t i o n  r e q u i r e d  f o r  t h e  TLNS t o  reach a s teady  s t a t e  
s o l u t i o n .  
To g e t  a good i n s i g h t  o f  t h e  c a p a b i l i t y  o f  each code u s i n g  l e s s  computer 
resource  (memory and t i m e ) ,  we have s e l e c t e d  a coa rse  g r i d  i n  t h e  T - d i r e c t i o n  
t o  p r e d i c t  t h e  s h o c k - c e l l  s t r u c t u r e  o f  t h e  Mach 2 j e t .  The Q u a r t e r - P l a n e  
o p t i o n  w i l l  be s u f f i c i e n t  i n  s o l v i n g  ax i symmet r i c  problems. A t y p i c a l  g r i d  
d i s t r i b u t i o n  i s  shown i n  f i g u r e  2 w i t h  1 6 0 x 6 1 ~ 1 1  (JxKxL) g r i d .  It i s  b e l i e v e d  
t h a t  t h e  h i g h e s t  g r a d i e n t  (p ressu re ,  t empera tu re ,  and s t reamwise  v e l o c i t y ) ,  i n  
t h e  i - d i r e c t i o n  occu rs  c l o s e  t o  t h e  s o n i c - l i n e  ( s o n i c - s u r f a c e  f o r  3-D case).  
I n  t h i s  i n v e s t i g a t i o n ,  t h e  l o c a t i o n  o f  t h e  s o n i c - l i n e  i s  always l e s s  than  1.5 
j e t - r a d i i  f rom t h e  j e t  c e n t e r l i n e .  Based on t h e s e  o b s e r v a t i o n s ,  a f i n e  g r i d  
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was used f o r  1.5 j e t - r a d i i  and s t r e t c h e d  g r i d  up t o  j e t - r a d i i .  On t h e  o t h e r  
hand, a u n i f o r m  g r i d  was used i n  t h e  6 - d i r e c t - i o n .  
Case 1 - M = 2.0, P /P  = 1.45 
I n  f i g u r e  (4 )  , t h e  measured c e n t e r 1  i n e  s t a t i c  p r e s s u r e  i l l u s t r a t e s  t h e  
decay ing  shock s t r u c t u r e  t h a t  occurs  as a r e s u l t  o f  t h e  i n t e r a c t i o n  o f  t h e  
shocks w i t h  t h e  growing m i x i n g  l a y e r .  The j e t  i s  opera ted  a t  a p r e s s u r e  r a t i o  
o f  1.45 which cor responds t o  a f u l l y  expanded Mach number o f  2.24 and i s  
i s s u e d  f rom a c o n v e r g e n t - d i v e r g e n t  n o z z l e  w i t h  a d e s i g n  Mach number o f  2. 
F i g u r e  ( 5 )  shows t h e  comparison between t h e  r e s u l t s  p r e d i c t e d  u s i n g  PNS and 
TLNS code f o r  t h e  s t reamwise p r e s s u r e  v a r i a t i o n  a l o n g  t h e  j e t  c e n t e r l i n e .  The 
PNS p r e d i c t i o n s  were completed i n  240 CPU seconds compared t o  8400 CPU seconds 
used by t h e  TLNS code. T h i s  comparison Show!; t h a t  t h e  PNS code i s  q u i t e  
e f f i c i e n t ,  as compared t o  TLNS code, i n  p r e d i c t i n g  t h e  s h o c k - c e l l  s t r u c t u r e  of  
t h i s  case. F i g u r e  ( 6 )  shows t h e  comparison between t h e  p r e s s u r e  and d e n s i t y  
c o n t o u r ,  r e s p e c t i v e l y ,  u s i n g  PNS and TLNS code. I n  t h i s  f i g u r e ,  t h e  PNS i s  
a b l e  t o  g i v e  e s s e n t i a l l y  t h e  same r e s u l t  p resented  by t h e  TLNS code. However, 
t h e  TLNS code g i v e s  a b e t t e r  d e s c r i p t i o n  f o r  t h e  compression and expans ion  
( r e f l e c t e d  and i n t e r c e p t i n g )  shocks f o r  t h e  whole f l o w  domain t h a n  t h e  one 
g i v e n  by t h e  PNS s o l u t i o n  which g i v e s  good d e s c r i p t i o n  f o r  t h e  f i r s t  5 shock 
c e l l s .  
F i g u r e  ( 7 )  shows t h e  c a l c u l a t i n g  c e n t e r l i n e  p r e s s u r e  u s i n g  160, 320 and 
640 g r i d  p o i n t s  i n  t h e  s t reamwise d i r e c t i o n  r e s p e c t i v e l y .  T h i s  compar ison 
shows t h a t  i n c r e a s i n g  t h e  g r i d  r e f i n e m e n t  i n  t h e  steamwise d i r e c t i o n  does n o t  
have a s i g n i f i c a n t  e f f e c t  i n  t h e  p r e d i c t i o n s  o f  s h o c k - c e l l  spac ing  (number o f  
s h o c k - c e l l )  however, i t  does show improvement i n  t h e  s t r e n g t h  and shape o f  t h e  
f i r s t  t h r e e  s h o c k - c e l l  ( i n  p a r t i c u l a r  t h e  f i r s t  r e f l e c t e d  shock) .  
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F i n a l l y ,  
s o l  u t i o n  w i t h  
c e n t e r 1  i ne. 
f i g u r e  (8 )  shows t h e  comparisons 
t h e  measured s t  reamwi se p r e s s u r e  
he measure s t a t i c  p r e s s u r e  d i s t r  
shock s t r u c t u r e  t h a t  occu rs  due t o  t h e  i n t e r a c  
between 3-0 and 2-0 PNS 
v a r i a t i o n  a long  t h e  j e t  
b u t i o n s  i l l u s t r a t e  t h e  decay iny  
i o n  o f  t h e  shocks w i t h  t h e  
growing  m i x i n g  l a y e r .  Both  t h e  PNS s o l u t i o n s  p r e d i c t  t h e  p r e s s u r e  v a r i a t i o n s  
up t h r o u g h  t h e  f i r s t  4 shock c e l l s  and u n d e r e s t i m a t e  t h e  r e s t  o f  s h o c k - c e l l  
decay. Th is  was expec ted  as t h e  m i x i n g  l a y e r  and t u r b u l e n t  d i s s i p a t i o n  o f  t h e  
shock s t r e n g t h  a r e  n o t  modeled i n  b o t h  codes. Th is  problem can be r e s o l v e d  by  
u s i n g  an adequate t u r b u l e n c e  model. 
Case 2 - M = 1.0, P/P = 1.61 
The exper imen ta l  resul ts  shown i n  f i g u r e  (9)  a r e  f o r  t h e  underexpanded 
c o n d i t i o n  ( P j / P a  = 1.61) f o r  a s o n i c  nozz le .  T h i s  p r e s s u r e  r a t i o  co r responds  
t o  a f u l l y  expanded Mach number o f  1.37, and t h i s  f i g u r e  shows t h a t  t h e  
measured d a t a  appear t o  decay a b r u p t l y  a f t e r  t h e  f o u r t h  shock c e l l .  A l though  
t h e r e  a r e  no f l o w - f i e l d  d a t a  a v a i l a b l e  t o  e x p l a i n  t h i s  u n c h a r a c t e r i s t i c  r a p i d  
decay, a c o u s t i c  da ta  o b t a i n e d  under s i m i l a r  c o n d i t i o n s  suggested t h a t  such 
phenomena may be caused by a c o u s t i c  resonance. F i g u r e  (10) shows t h e  r e s u l t s  
p r e d i c t e d  w i t h  t h e  3-0 and 2-0 PNS codes compared w i t h  measured c e n t e r l i n e  
p ressu res .  Both  c a l c u l a t i o n s  show reasonab ly  good agreement up t h r o u g h  t h e  
f i r s t  4 shock c e l l s ,  a l t h o u g h  t h e r e  i s  some d isagreement  i n  a m p l i t u d e  a f t e r  
t h e  f i r s t  shock c e l l .  However, b o t h  c a l c u l a t i o n s  y r e a t l y  u n d e r p r e d i c t  t h e  
s h o c k - c e l l  decay a f t e r  t h e  f o u r t h  c e l l .  It i s  b e l i e v e d  t h a t  t h e  f l o w  d i d  n o t  
reach s teady  s t a t e ,  and t h e  measurement a f t e r  t h e  f o u r t h  shock c e l l  i s  t h e  
r e p r e s e n t a t i o n s  o f  t i m e  average f l ows .  
w i t h  exper iments  a r e  r e l a t e d  t o  t h e  l i m i t a t i o n s  o f  t h e  PNS methodo logy  t o  
hand le  t h e  e l l i p t i c  e f f e c t s .  
It i s  b e l i e v e d  t h a t  t h e  d isagreements  
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+ f  t (See t h e  Appendix f o r  t h e  f l u x - J a c o b i a n s  Ji , J2 , Ji , and V 2  
The i m p l i c i t  u p w i n g / r e l a x a t i o n  a l g o r i t h m  o f  Newsorn e t .  a1 (Ref. 1 )  i s  
used t o  s o l v e  TLNS equa t ions .  
a l t e r n a t i v e  sweeps i n  t h e  streamwise d i r e c t i o n .  For a f o r w a r d  
T h i s  can be ach ieved t h r o u g h  a s e r i e s  o f  
i s known AQJ - 1,k,1 
i s  known 'j t l ,k , l  
i s  s e t  t o  zero. Fo r  a backward sweep, n t l  and AQj t l , k , l  
i s  s e t  t o  zero. j - l ,k , l  and A Q  
F i n a l l y ,  equa t ions  (14)  i s  a p p r o x i m a t e l y  f a c t o r e d  and can be w r i t t e n  i n  
t h e  f o l l o w i n g  compact form: 
where, 
I Vol M = - t  B 
A t  5 
I n  t h e  p r e s e n t  code, t h e  PNS equa t ions  a r e  s o l v e d  by r e t a i n i n g  t h e  t i m e  
te rms and t h e  s teady  s t a t e  s o l u t ' i o n  can be o b t a i n e d  by l o c a l  dependent 
i t e r a t i o n .  h i s  w i l l  a l l o w  t h e  use o f  t h e  same upwind f l u x - s p l i t  p rocedure  
d e s c r i b e d  i n  t h i s  s e c t i o n .  Otherw ise ,  ve ry  c o m p l i c a t e d  f l u x - s p l  it p rocedure  
w i l l  be requ r e d  because o f  t h e  complex e igen -va lues  and e i g e n - v e c t o r s  o f  t h e  
s teady  s t a t e  equa t ions .  A t  each c ross -p lane ,  l o c a l  i n t e g r a t i o n  i s  used u n t i l  
t h e  R.H.S. o f  e q u a t i o n  (15)  i s  reduced by 4-order  o f  magnitude. 
s o l u t i o n  i s  used as an i n i t i a l  c o n d i t i o n  foi- t h e  n e x t  c r o s s - s e c t i o n a l  p lane. 
T h i s  p rocedure  i s  repeated  f o r  each c r o s s - s e c t i o n a l  p l a n e  cep ta  SmaX 
Then, t h i s  
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THE BOUNDARY CONDIT IONS 
F i g u r e  ( 2 )  shows a t y p i c a l  p h y s i c a l  domain, used i n  t h e  p r e s e n t  s tudy .  
The f i g u r e  a l s o  shows t h e  d i f f e r e n t  boundary a s s o c i a t e d  w i t h  e x t e r n a l  f l o w  
prop1 em. 
1) I n l e t  Flow C o n d i t i o n s  a t  5 = 0. ( z  = 0) 
The s t a t i c  p ressu re ,  P. stream wise  v e l o c i t y ,  w, and tempera tu re ,  a r e  
e x t r a c t e d  form t h e  measurement of Norum and Se iner  (Ref. 14). The va lues  o f  
X- v e l o c i t y ,  u ,  and y - v e l o c i t y ,  v, a r e  s e t  t o  zero. Then, d e n s i t y  p s a t i s f i e s  
t h e  e q u a t i o n  o f  s t a t e  
p = P / R  8 
9 
and 
wh ich  i s  used t o  c a l c u l a t e  t h e  t o t a l  energy,  Et. 
2)  C o n d i t i o n s  a t  Goor r = 0. ( x  = 0.) 
F a c t i t i o u s  g r i d  p o i n t s  a r e  l o c a t e d  a long  t h e  s i d e  o f  l i n e  as shown i n  
f i g u r e  (3) .  
o b t a i  ned f rom t h e  f o l  1 owi ng re1 a t i  ons , 
The p o i n t s  a r e  denoted by s u b s c r i p t  f, and t h e i r  va lues  a r e  
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F i g u r e  (11) shows t h e  comparisons between 3-D PNS and TLNS (1000 and 2000 
t ime  s t e p s )  s o l u t i o n s  f o r  t h e  son ic  j e t  w i t h  p ressu re  r a t i o  o f  1.61. The 
f i r s t  3 shock c e l l s  d i d  n o t  show any s i g n i f i c a n t  d i f f e r e n c e s  f o r  t h e  PNS and 
TLNS s o l u t i o n s .  It i s  c l e a r  t h a t  t h e  f l o w  i s  u n s t a b l e  and w i l l  n o t  reach a 
s teady s t a t e .  F i g u r e  ( 1 2 )  shows t h e  d e n s i t y  and p ressu re  con tou rs  f o r  t h e  
same r e s u l t s  shown i n  f i g u r e  (11). I n  t h i s  f i g u r e ,  t h e  PNS and TLNS p r e d i c t  
s i m i l a r  shock c e l l  s t r u c t u r e  f o r  t h e  f i r s t  3 shock c e l l s .  For t h e  TLNS 
s o l u t i o n ,  t h e  f i r s t  t h r e e  shock c e l l  seem t o  be q u i t e  s t a b l e  and t h e i r  
s t r u c t u r e  i s  c o m p l e t e l y  t ime  independent.  Close t o  t h e  t h i r d  shock c e l l  a 
n e a r l y  normal shock i s  formed and i t  i n t e r a c t s  w i t h  t h e  b a s i c  s t r u c t u r e .  The 
f l o w  beyond t h i s  p o i n t  i s  comp le te l y  u n s t a b l e  and v o r t e x  r i n g s  a re  formed on 
t h e  j e t  boundary o f  t h e  e n t i r e  f l o w  f i e l d .  The same o b s r e r v a t i o n s  were made 
by Matsuda e t .  a l .  (Ref.  17).  Matsuda e t .  a l .  1 7  i n v e s t i g a t e d ,  
e x p e r i m e n t a l l y  and t h e o r e t i c a l l y ,  t h e  decay o f  t h e  shock c e l l  s t r u c t u r e  f o r  a 
son ic  j e t  w i t h  p ressu re  r a t i o  of 2. They tclok two k i n d s  o f  Sch ie ren  
photographs,  a l o n g  t i m e  exposure (1/30s) arid and s h o r t  t i m e  exposrue 
( 1 / 1 O O O s ) .  
t u r b u l e n t  w i t h  v o r t i c e s  ( u n s t a b l e ) .  
On t h e  o t h e r  hand, t h e  l o n g  t ime  exposure g i v e s  a r a t h e r  r e g u l a r  and smooth 
shock c e l l  s t r u c t u r e .  
Wi th  a s h o r t  t i m e  exposure, t hey  observed t h a t  t h e  f l o w  i s  
SUMMARY 
The development o f  PAB3D PNS and TLNS codes and t h e i r  a p p l i c a t i o n  t o  
nonax isymmet r ic  j e t  m i x i n g  problem a r e  desc r ibed  i n  t h i s  r e p o r t .  These codes 
were compared w i t h  t h e  exper imenta l  da ta  fo r  underexpanded superson ic  j e t s  
e x h a u s t i n g  i n t o  a subson ic  e x t e r n a l  stream,, The PNS code s u c c e s s f u l l y  
p r e d i c t s  t h e  shock c e l l  s t r u c t u r e  o f  Mach 2.0 j e t  as compared w i t h  t h e  TLNS 
code r e s u l t s .  The PNS c a l c u l a t i o n s  were completed i n  l e s s  than  3 pe rcen t  o f  
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t h e  TLNS compu ta t i ona l  t ime .  However, PNS code f a i l s  t o  p r e d i c t  t h e  f l o w  
f i e l d  o f  s t r o n g l y  resonan t  j e t  ( s o n i c  case) beyond t h e  f i r s t  t h r e e  shock 
c e l l s .  T h i s  was expec ted  as t h e  f l o w  beyond t h i s  p o i n t  was c o m p l e t e l y  
u n s t a b l e  and t h e  o n l y  way t o  s i m u l a t e  t h i s  k i n d  o f  f l o w  i s  th rough  t h e  use o f  
t i m e  dependent codes. Fo r  t h i s  k i n d  o f  f l o w  problem, t h e  s t a t i c  o r  t o t a l  
p ressu re  measurements shou ld  be accompanied by Schl i e r e n  photographs o f  a 
s h o r t  and l o n g  t i m e  exposure o r  any method which can show t h e  f l o w  t i m e  
dependency. 
I n  genera l ,  t h e  PNS code can s i m u l a t e  e f f i c i e n t l y ,  m i l d l y  underexpanded 
and f u l l y  superson ic  f l o w  problems, and can be used t o  s e t  t h e  i n i t i a l  
c o n d i t i o n s  f o r  a t i m e  dependent code. On t h e  o t h e r  hand, t h e  TLNS can hand le  
r e 1  a t i  v e l y  compl i c a t e d  f l ow  problems. The developments o f  t hese  codes shou ld  
be f o l l o w e d  by a d e t a i l e d  v a l i d a t i o n  s t u d y  u s i n g  nonax isymmet r ic  j e t  m i x i n g  
da ta  base. R i g h t  now, t h e  TLNS code i s  c u r r e n t l y  b e i n g  m o d i f i e d  t o  i n c l u d e  
a m u l t i - z o n e  o p t i o n  which w i l l  g i v e  i t  t h e  c a p a b i l i t y  t o  s i m u l a t e  nozz le /  
a f t e r b o d y /  j e t  exhaust  problems i n c l  ud ing  v e r t i c a l  and h o r i  z o n t a l  t a i  1 s. 
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APPENDIX 
This appendix decribes in detail the Jacobians o f  the PNS and TLNS govern 
equations f o r  the inviscid and viscous terms 
1) Inviscid F1 ux-Jacobians 
A f 
f and J3 = - a u  
aGi f J = -  
a) Supersonic I M  1 > 1  5 
A 
aE. 
Mc > 1 
ME < 1 
CL 
a Ei 































































































































































The above m a t r i x  was used f o r  PNS and NS c a l c u l a t i o n s .  Fo r  PNS c a l c u l a t i o n s ,  
w i s  e v a l u a t e d  u s i n g  eq. ( 4 )  and J -  van ishes .  
s e t  t o  v a l u e  o f  1 f o r  t h e  SNS c a l c u l a t i o n s .  
On t h e  o t h e r  hand, w i s  
where 
$ = -  - ( u 2  t u 2  i- w2) , u = sxu t s u t s z w  
2 Y 
D1 = (Et  + P ) / P  
b )  Subsonic f o r  SNS S o l u t i o n s  I M  1 < 1 5 
f S 2 
J1 (1 , l )  = 7 (1 - M<) (a + pD3) 
J1 f ( 1 3 2 )  = -D4D2 u t Sx D5 
f J1 (1 ,3 )  = -D4 D2 v + S D Y 5  
f J1 (1 ,4 )  = -D4 D2w t Sz D5 
J: {1,5) = D4 D2 
f f J1 (2,1) = J1 (1,l) D12 f 2 s X p  D6 D3 t y(sxD7 - u)  D6 
+ + 2 
J1 (292)  = J1  (1,2)D12 ?2SxpD 6 2  D u + y (1 - S x ) D 6  
f f 
J1 (2,3) = J1 (1,3)D12 T 2s pD D v - S S D x 6 2  X Y  6 
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J1 f (2 ,4 )  = J1 f ( 1 , 4 )  D12 72SxpD D W - SXSZD6 
6 2  
t t J i  (3 ,3 )  = J i  (1,3)D13 T 2s pD D v t yD6(l  - 
Y 6 2  
f t 2 J1 (3 ,4 )  = J i  (1 ,4 )  D13 72s pD D w - s s D 
Y 6  Y 2 6  
f + J1 (492) = J i  ( 1 9 2 )  D15 T2SZpD6D2u - szsxD6 
& 0 2@ 
D 
J+  ( 5 , l )  = J (1,l) D t ( D  D t D - -  - 
1 1 15 8 3 9 s ( y  - 1 ) p  11 
~ 28 
f t U 
J1 (533) = J i  ( 1 , 3 )  D15 - (D8D2v  + syDs i- p D l l  
4a 2 u  2 u D =  f-- , D = -  (T i  a ) / p  8 2  Y + l S  g y t l  
Y - 1  
^ f  
" t  ' i t  ( 2 )  - E i  ( 3 )  
D1l Dll 
D l l  = E i - ( l ) ,  D12 = ' '13 - 
'* f ii Ei ( 5 )  - ( 4 )  and D15 = 
D14 D1l D1l 
+ For the  q d i r e c t i o n ,  f l ux  - Jacobian ( J 2 )  , 
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For  t h e  5 d i r e c t i o n  F lux-Jacob ian  ( J * ) ,  3 
W =  1 M g + M  , o + m ,  S + T a n d  it 
s + t  n 
2) Viscous F1 ux-Jacob ians  
N e g l e c t i n g  c r o s s - d e r i v a t i v e  te rm,  t h e  v i s c o u s  f l u x  v e c t o r  i n  t h e  T-I i s  g i v e n  
by : 
0 
n R 'u + R2u x n  
A m 
Fv =vel n R 0 + R2v Y 
A 2 
( a  
2 1 R 2  R $n + Un + 7 R R ( U V )  i- R R ( V W )  + RzRx ( W U )  + 
X Y  Q Y Z  n 1 'm
where, Vol i s  t h e  c e l l  volume, 
1 
+ R v  + R w ) , U n  A = -  1 2 2  R ( u )  + R y ( v )  2 2  + R Z ( W ) n  2 2  n y n  2 t - I  n = 3 (RxUn 
and - -   ( 2 )  i- ( 2 )  + ( w 2 )  





The v i s c o u s  f l u x  v e c t o r  i n  t h e  6 d i r e c t i o n  can be c o n s t r u c t e d  by r e p l a c i n g  t h e  
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Outer edge o f  mixing layer 
Inner edge o f  mixing layer 
Initial mixing 
layer- zone - 
Figure 1. Typical flow field for underexpanded supersonic jet. 
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l r  
0 5 10 15 20 25 30 35 40 
F igu re  4. Measured plume c e n t e r l i n e  pressure f o r  underexpanded supersonic 
j e t .  (Data from re f .  14) 
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A 
-- 3D-PNS 6 1 x 1 6 0  
3D-NS 6 1 x 1 6 0  - -  
0 10 20 30 40 
X / r j  
Figure 5. Comparison of 3-D PNS and 3-D NS predicted centerline pressures for 
underexpanded supersonic jet. 
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A) PNS SOLUTION 
-- I 
D€..S/i'Y CONTOUR CONTOUR /ME;RVXL * .119OOE+OO 
6) NS SOLUTION 
1 
DENSITY CONTOUR CONTOUR IMERVAL = .I7#4ZE+OO 
F i g u r e  6a. Comparison o f  3-D and 3-D PNS p r e d i c t e d  d e n s i t y  c o n t o u r s  f o r  
underexpanded superson ic  j e t .  
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B) NS SOLUTION 
F i g u r e  6b. Comparison o f  3-0 and 3-D PNS p r e d i c t e d  p r e s s u r e  c o n t o u r s  f o r  
underexpanded superson ic  j e t .  
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Figure  7.  Comparison o f  3-D PNS p r e d i c t e d  c e n t e r l i n e  pressures for  
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F i g u r e  8. Comparison o f  p r e d i c t e d  (2-D and 3-D PNS) and measured c e n t e r l i n e  
pressure f o r  underexpanded supersonic j e t .  




0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0 
F i g u r e  9. Measured p l  ume c e n t e r 1  i ne p ressu re  f o r  underexpanded s o n i c  j e t .  
(Data f r o m  r e f .  14) 
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0 5 10 15 20 
Figure  10. Comparison o f  p r e d i c t e d  (2-D and 3-D PNS) and measured c e n t e r l i n e  
pressure f o r  underexpanded sonic  j e t  <, 
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0 5 10 15 20 
F i g u r e  11. Comparison o f  3-D and 3-D PNS p r e d i c t e d  c e n t e r l i n e  pressures f o r  
underexpanded sonic  j e t .  
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t 
A) PNS SOLUTION 
In f? n A 
E) NS SOLUTION AT N-1000 
C )  NS SOLUTION AT N-2000 
F i g u r e  12a. Comparison o f  3-D and 3-D PNS p r e d i c t e d  d e n s i t y  c o n t o u r s  f o r  
underexpanded s o n i c  j e t .  
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E )  N S  SOLUTION AT N-1000 
C) N3 SOLUTION AT N-2000 
I 
F igu re  12b. Comparison o f  3-D and 3-D PNS p r e d i c t e d  pressure contours f o r  
underexpanded sonic  j e t .  
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